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Fig. 3 Comparison between theoretical (lines) and expérimental
(points) small-signal laser gain profiles.

Conclusions

Small-signal gain measurements were conducted in a shock
tube driven nonequilibrium expansion of a gas mixture con-
taining 6.6% CO,, 54.1% N,, and 39.3% He at different res-
ervoir conditions. The gain measurements were made at three
locations downstream from the nozzle throat of a long double-
wedge type hypersonic nozzle. The experimental results were
compared with computer code predictions. The main results
of this investigation are as follows:

1) Good agreement between the experimental data and the
analytical predictions for the small-signal gain was obtained at
the two stations closer to the nozzle throat.

2) Poor agreement between the experimental data and theo-
retical predictions for gain occurred at the station near the
nozzle exit. At that location, the analytical model overesti-
mates the actual gain. A possible reason could be the underes-
timation of the deactivation rate used by the theory.

3) Small-signal gain peaks of 0.9 m~!, comparable with
those obtained in minimum length contoured nozzles, were
measured.
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Derivation and Testing of a
One-Equation Model Based
on Two Time Scales

U. C. Goldberg*
Rockwell International Science Center,
Thousand QOaks, California 91360

Introduction

URBULENCE measurements indicate that large-scale

energy generating eddies possess a development rate sub-
stantially different from that of small-scale dissipative eddies.
This suggests using a model that treats these eddies separately,
assigning each range its own time scale. In the present work, a
one-equation model is developed wherein the velocity scale is
determined from the solution of an equation for the turbu-
lence kinetic energy and the length scale is found indirectly
from two time scales assigned each to large and small eddies.
The derivation of this model leads to an expression for the
near-wall function £, used in low Reynolds number versions of
the k-e model. A backflow model' is applied in conjunction
with the one-equation model for the treatment of detached
flow regions. Several flow cases are calculated to test the
performance of this turbulence model.

Model Formulation

To account separately for the large (energy producing) ed-
dies and the small (dissipative) eddies, characteristic time
scales are assigned to each. Thus, the large eddies are charac-
terized by

L ~k/e 1)
where k is the kinetic energy of the turbulence k = Y2 uju/!,
and e is the dissipation rate of k.

The small eddies are characterized by the Kolmogorov scale

t.~vle @)

where » is the kinematic molecular viscosity.

To determine these time scales, ¥ and ¢ must be known
throughout the flowfield. In the present work k is determined
from the solution of a partially modeled version of the exact
equation for turbulence kinetic energy
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Fig.1 Variation of fu with distance from wall.

where p and u are the fluid density and dynamic molecular
viscosity, respectively, U; and u/ are the mean and fluctuating
velocity components, respectively, ¢ is time, x; are the space
coordinates, and p, is the dynamic eddy viscosity. The two
constants appearing in Eq. (3) have the values o, = 1.0,
C; = 0.080, and the Reynolds stresses are related to the mean
flow gradients by the Boussinesq concept
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Fig.2 Traunsonic flow over an axisymmetric bump.

Equations (3) and (4) are solved coupled with the g, field
given below, subject to the following boundary and initial
conditions:

1) Boundary condmons: at solid walls, k,, = 0; on inviscid
surfaces, wakes, or symmetry surfaces dk/dy = 0 where y is
the local normal-to-surface coordinate; at freestream inflows,
ki = 107SU2.

2) Initial conditions: Eq. (3) has the trivial solution £ = 0.
Thus, to enable a time-marching calculation, some initial
guess is necessary throughout the computational domain. A
value of ko = 10~8U2 is used.

Note that ¢ is expressed algebraically in terms of k£ and a
length scale that guarantees proper behavior from the wall to
the fully turbulent region2

€=24.k%/[y(1 — e~ 4] ®

where A, = C*/2x, k= 0.4, C,=0.09, R, = Vky/».

With k antf ¢ known, the two time scales Egs. (1) and (2)
are established.

The velocity scale, needed to complete the formulation for
the eddy viscosity field, is given by

V=vk 6)

Combining Egs. (1), (2), and (6) yields two eddy viscosity
fields, corresponding to the two time scales

v ~ Vi = Cukz/e ©)
~ V2, = C.kNv/e (1 —e~4R) )

Equation (7) recovers the formula for eddy viscosity used
in the high-turbulence-Reynolds number k-¢ model.? In
Eq. (8), a damping function was introduced to guarantee the
correct behavior of eddy viscosity near solid surfaces® where
dissipative eddies, represented by »,, prevail The constant

= 0.016 to recover the value B = 5.5 in the loganthmlc law
u + =k~! f y* +B. To determine the value of C, in Eq. (8),
use is made of an eddy viscosity distribution?* that has the
correct behavior both near walls and away from walls,
namely,

v = kC/Vky(1 - e~ 4Ry) )

and of the near-wall limit of Eq. (5)

lim e = 2vk/y?
y—0

(10)
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Equating the near-wall limits of Egs. (8) and (9) and using Eq.
(10) yields

C. = VEC) (n

Next, the two branches of the eddy viscosity field [Eqs. (7) and
(8)1 are combined into one expression that has the correct
limits near walls (v.) and away from walls (v;). This is achieved
by introducing a near-wall function

f,, ={l+ [Ap/le*-(l — e—Aexfk_"'y-f—)]_.l/z](l _ e—A,.\ffc‘*'_ﬁ)
12)

where y* =yu,/v, k* =k/u?, and u,=<r,/p,; thus,
Vk+y+ =R,.
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It can be shown, using Eq. (5), that

C.f Co R,>1
wWrT | A,CRANve/k, R, <l

so that the entire eddy viscosity field is given by the formula
v, =C, f,ke (13)

It is noted that Eq. (12) serves as a near-wall function also for
low Reynolds number k-¢ models. Figure 1 shows the varia-
tion of f, with y.

The length scales implied by the current model formulation
are derived next. Since v, = VL, where L is the length scale, it
follows from Eqs. (5-8) that the length scales corresponding to
the large and small eddies, respectively, are

Ly = xCly(1 — e~4Ry) (14)
2% —AR —A,R
L= Wy(l — e 4R) 1 — e~ AWRy) 1s)

B

From Eq. (15) it is seen that L, ~ (»y)":k ~*. This is in contrast
with the linear behavior L ~ y, which is typical of conven-
tional one-equation models.

Finally, within backflow regions, the eddy viscosity is calcu-
lated using Goldberg’s backflow model.!

Results

Several flow test cases were computed to assess the perfor-
mance of the new turbulence model, using the USA code.’

Case 1

An axisymmetric transonic flow over a bump® at M,, =0.875
is computed. Figure 2 shows the geometry, pressure contours,
comparisons for pressure, and skin friction distributions, as
well as for velocity, turbulence kinetic energy, and Reynolds
stress profiles at two streamwise locations.

Case 2

Flow over a cone-ogive-cylinder flare’ at M., = 7.05 is con-
sidered next. Figure 3 shows the geometry, pressure contours,
and comparisons between the calculation and the experimental
data for pressure, heat transfer, and skin friction.

Case 3

This test case is an M, =9.2 flow over a 38-deg two-
dimensional ramp.? Figure 4 shows geometry, pressure con-
tours, comparisons between the computed and experimental
results for pressure and heat transfer distributions, and the
predicted skin friction.

Conclusions

A one-equation turbulence model was described and its
performance demonstrated through calculation of several
flow cases. The formulation of the model, using two time
scales, led to the derivation of an expression for the near-wall
function f,,, used in low Reynolds number versions of the k-¢
model.
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Simple Algebraic Technique for Nearly
Orthogonal Grid Generation

S. Saha* and B. C. Basut
Indian Institute of Technology, Kharagpur, India

I. Imtroduction

RID generation is a very important aspect of solving

computational fluid dynamics (CFD) problems where a
set of partial differential equations has to be solved in a
given domain. It is desirable for the grid to have good ortho-
gonality properties, and the grid generator should be able
to produce an arbitrary amount of clustering near the body
surface when necessary. Generation of body-fitted coor-
dinates meeting these requirements using algebraic techniques
are described by Eiseman! and Smith.2 It is well known that
the most efficient way of dividing the domain for external
flow problems is by generating an O-type grid for a two-
dimensional case or an O-O topology grid for a three-dimen-
sional case, since they give the maximum resolution near the
body surface with the minimum number of grid points. A sim-
ple algebraic technique has been developed for generating an
O-type grid or an O-O topology grid for a geometry with sharp
edges having a high grid density near the body surface while
maintaining orthogonality. The present method generates the
grid by distributing spacings in the outward normal direction
from a closed contour as a function of the rate of change of
arc length in that direction. This procedure, when applied to
subsequently generated contours, evolves a nearly orthogonal
grid with a circular outer boundary. A similar procedure ap-
plied to a closed three-dimensional surface produces a spheri-
cal outer boundary, thereby generating an O-O topology grid.

II. Method

In this method, at every point on the body surface and
subsequently generated constant j contours (i and j represent
the wraparound and outer boundary directions, respectively),
the rate of change of i-direction arc length s(/) in the outward
normal direction (ds(i/)/dn, n being the outward normal vec-
tor) is computed. The value of ds(i)/dn for a panel of length
s1 is given by (s2 —s1)/d where s2 is the distance between the
points obtained by moving a small distance d along the nor-
mals at the panel endpoints. The value of ds(i/)/dn at a node is
taken as the average of ds(i)/dn at neighboring panels. The
distribution of maximum physical spacing between the con-
stant j contours [i.e., Smax(j)] is prescribed. Now the spacings
S(@i) in the normal direction are distributed such that where
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ds(i)/dn is small, the spacing is large and vice versa, the maxi-
mum spacing being Smax() for the particular constant j con-
tour. The j+ 1 contour obtained by this procedure has a
smoother variation of curvature or ds(i)/dn, and as j in-
creases, the curvature tends to become equal everywhere.
Thus, starting from an arbitrary body surface geometry, the
outer boundary evolves as a circle and an O-type grid is gener-
ated. :

Near the body surface, where there is a large difference be-
tween maximum and minimum values of ds(i)/dn, the ratio
between minimum spacing Smin/Smax [i.e., Smax = Smax(j)]
is kept small (0.1, say) to smooth the variation of ds(i)/dn rap-
idly. As j increases, the variation of ds(i)/dn decreases, and
Smin/Smax is gradually increased to the value of unity at the
outer boundary. In the present work, an exponential distribu-
tion has been considered, i.e.,

Smin/Smax = fmin + (1 — fmin) X exp[srmin — srmax)c0}

where finin is the smallest value of Smin/Smax for a particular
grid, srmin and srmax are the minimum and maximum values
of ds(f)/dn for the particular j contour, and c0 is a constant.

The choice of distribution function for determination of the
actual spacings S(i) on a particular constant j line is not uni-
que. The one used in the present case is an exponential distri-
bution chosen to vary the spacings rapidly near small or
negative values of ds(i)/dn, and this helps in avoiding cross
over of adjacent lines by reducing the concavity of the surface
very quickly. The distribution function is given by

S(i) = Smin + (Smax — Smin) X exp[cl(srmin — ds(i)/dn)]

where Smin and Smax refer to the maximum and minimum
spacings for a particular constant j contour, sr min is the mini-
mum value of ds(i)/dn for that contour, and c1 is a constant.

When the variation in ds(i)/dn is not very smooth, or j-
direction spacings S(i) are quite large compared to s(i),
waviness may be generated that gets amplified as j increases.
To suppress this, a few smoothing sweeps are added before the
final distribution of spacings is used to obtain the contour at
Jj+ 1. The smoothing is done selectively at the points where this
waviness is generated by adding a fraction (5-10%) of the se-
cond difference of S(7) in the i direction. The selective smooth-
ing is performed by excluding those points from the smooth-
ing operation at which the newly generated contour at j+1
obtained with the trial spacing distribution is smoother than
the previous contour, i.e., when ds(i)/dn at both j and j+1
are positive and [ds(?)/dn];, , <[ds(i))/dn];, or when ds(i)/dn
at both j and j + 1 are negative and [ds(/)/dn];.., > [ds(i)/dn];.
Usually about four to six smoothing sweeps are sufficient.

The generation procedure in three dimensions is identical
with the rate of change of surface area considered instead of
arc length for determination of the spacings in the normal
direction. For smoothing in three dimensions, the second dif-
ference is replaced by the sum of the differences in spacings of
the four neighboring points with the point in question.

For calculation of direction cosines of grid lines in the radial
direction at an edge of a flat plate (with zero thickness), a
thickness is temporarily added at all points except those on the
edge. The average of the normals on the neighboring points on
the upper and lower surfaces is now taken as the direction
cosine at a point on the edge after subtracting the component
along the edge. The direction cosine at a corner is obtained by
taking the average of the direction cosines at neighboring
points on the edges meeting at the corner.

No iterations are required in the present method except for
the smoothing sweeps. Other noniterative methods for grid
generation, such as solution of hyperbolic partial differential
equations, are equally efficient. However, with the latter ap-
proach, the slope discontinuities on the body surface are likely
to be propagated into the interior grid.}



